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Abstract - Concepts of quadratic expectation of random variable was introduced in a study with
formulating its definition and deriving some elementary properties of itself. It has been thought that
quadratic expectation might carry some more properties which are still unknown to us. One of its possible
unknown properties has been identified and derived in this study which has been presented here.
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1. INTRODUCTION

Expectation, a statistical concept associated to random variable, is the theoretical average [1,12] of the
possible values assumed by the variable [3,5,13,14,17,18, 27]. It is defined as the weighted average of its
all possible values with their respective probabilities as the corresponding weights [3,13,14,17 18, 23].
Originally, expectation had been defined as the weighted arithmetic mean [2 , 4, 20] of its all possible
values with their respective probabilities as the corresponding weights and was termed as mathematical
expectation [3,13,14,17,18, 23] which was termed as arithmetic expectation in later studies [6,11]. In some
other studies, three more concepts of expectation had been introduced and defined using the concepts of
geometric mean [2, 4], harmonic mean [2, 4, 21] and quadratic mean [15, 16, 20] which were termed as
geometric expectation [6, 7, 11], harmonic expectation [6, 8, 9, 11] and quadratic expectation [10 , 11]
respectively.

Each of the four concepts/definitions of expectation carries its own properties which may be known or
unknown to us. Some properties of arithmetic expectation had already been derived and are available in
the literature of statistics [3, 13, 14,17 ,19 , 23]. Similarly, some properties of each of were geometric
expectation, harmonic expectation and quadratic expectation were also been derived in some studies [7,
8,9,10]. It has been thought that quadratic expectation might carry some more properties which are still
unknown to us. One of its possible unknown properties has been identified and derived in this study which
has been presented here.

2. QUADRATIC EXPECTATION
Let us consider a random variable denoted by X.
If the random variable X is discrete and assumes real values

with respective probabilities

P11/ D2 s weveeeene , DN
then the quadratic expectation of X, denoted by Eq(X), is defined by
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where absolute value of square root is taken [10].
If X is a continuous and assumes real values in the interval
(a,b) or [a,b) or(a,b] or [a,b]
where a, b may be finite or infinite,
having probability density function f(x),

then quadratic expectation of X denoted by Eq(X) can be defined by

(x)—‘” X S (x)dx

where absolute value of square root is taken [n].

Some Notable Points:

Note (1):

Quadratic expectation describes the theoretical absolute magnitude of a random variable.
Note (2):

Arithmetic expectation of the random variable, denoted by Ea(X), is defined by

EA X) =3, pix;

if X is discrete [6]
and
j x.f(x)dx
Ea(X) = :
if X is continuous [10]

which implies,

EA(X2)={EQ X)1 or. EQ(X)zm

This means, quadratic expectation of a random variable X can also be defined as the absolute square root
of arithmetic expectation of its square (i.e. of X2).

Note (3):

One consequence of Note (2) is that

Fo(VX ypotEaxy o Fo(VX ) VEAX)
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3. QUADRATIC EXPECTATION OF QUADRATIC MEAN

Let us abbreviate arithmetic mean, quadratic mean, arithmetic expectation & quadratic expectation by
AM, QM, AE & QE respectively.

To obtain the relation between quadratic expectation of quadratic mean of a number of random variables
let us first prove the following theorem namely Theorem (1):

Theorem (1)

If

are k real valued random variables then

E E E
(PO T P ={ (TR +{ QTP+

Proof:

From Note (3), it is obtained that

E
tPomy=Eay e Foqmy = VEAXD)

Fomy=a) e Foym= VEAXD)

I

I

Fomor -t e Fomy = VEAXD

E
{TO(R T Xy T o ¥ Xy N2 =

E
ie. ¢ VX +Xp+ o+ X, ) =
By additive property of arithmetic expectation [3,10 - 12,22, 23],

_E

Ax)+ E

A(X,) + . + A(Xx,)

Therefore,

E
(o e - Fewmp P ymp e
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This can be regarded as additive property of quadratic expectation.

The relation between quadratic expectation of quadratic mean of a number of random variables can be
stated as in the following theorem namely Theorem (2):

Theorem (2):

QE of QM of a number of random variables is the QM of the QEs of the squares of the variables i.e. if

Xy 1 Xy ) o X,
are k random variables then
2{aM(X,, Xy, o x)}=am{ 2 (x,) , Q(Xz) ......... 9 (x,)}
Proof: From Property (1), it is obtained that
2 2
{EQ(\/XI Xy e +X, )}
E
={ Q(Xl)}“{ Q(Xz)}2 ---------- +{ T2 Xy
This implies,
1 2 2 2
EQ(\/%(XI + X, it X, )J
\/ L LE QX1+ {Ep (X)) e {Ep (X))

This means,

Eg {aM (X, Xy, o X)) = QM{EQ (x,) , Eg (X,) ;o EQ (x,)}

4. CONCLUSION
Additive property of arithmetic expectation namely

Eaty x4 v ) = )+ L) oo+ Ea(ny)
implies that
RICES A— B0+ E(00) + {E (X))
This means,
Eatam (61, %y s e )} = aMEEA() L BA) o, Ba(x))
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i.e. the AE of AM of a number of random variables is the AM of the individual AEs of the variables.
The property of QE derived here is similar to this property of AE.

In this connection, it is to be mentioned that it is still not known whether geometric expectation and
harmonic expectation carry some properties like that of arithmetic expectation and quadratic expectation.
This is a problem of research at this stage.
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