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Abstract - A measure of dispersion of data of ratio type, standard ratio (SR) or standard multiplicative
deviation (SMD) or standard geometric deviation (SGD), was developed on the basis of the ratios of the
observations to their geometric mean. Some basic properties of this measure have been derived here due
to their importance in theoretical development and practical applications. Derivations of the properties
have been discussed in this article.
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1. INTRODUCTION

Central tendency and Dispersion or variation [1,13,15,16,20] are two common characteristic of data
which are closely related. Measures of dispersion [1,2, 3,14,18,19] are numerical descriptions of the spread
or variability of data. Measure of variation is closely related to measure of central tendency [16,17]. Measure
of central tendency 1,3, 5,14,21]is mostly based on measures of average specifically Pythagorean
classical means and others means [4,5,12].

Several measures have already been developed for measuring the dispersion of data some of which are
standard deviation , inter-quartile range, range , mean absolute difference, median absolute deviation,
average absolute deviation, distance standard deviation etc. [1,2,3].

The existing measures of dispersion are defined on the basis of additive deviations of the observations from
some arbitrary point and/or from some location parameter i.e. measure of central tendency of data [1,2,
3,6,18,19]. Accordingly, these are not suitable for measuring variation in data of ratio type. Due to this
reason, a measure of the dispersion of data, termed as standard ratio (SR) or standard multiplicative
deviation (SMD) or standard geometric deviation (SGD), has recently been developed on the basis of the
ratios of the observations to their geometric mean [6]. It is to be mentioned that several studies have
already been done of basic properties of existing measures of central tendency and dispersion due to their
importance [8 —11]. In this study, some basic properties of this measure have been derived here due to their
importance in theoretical development and practical applications. Derivations of the properties have been
discussed in this article.

2. STANDARD RATIO
Standard Ratio of a Set of Numbers

Definition (2.1):

Let
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be N positive valued numbers whose geometric meanis G = G (x1, %3 ) e s x,) Which is defined by
1
G=G(4,,4,, - JAy) = (T, 4V (20)
ThenQ=0Q(4,,4,, ... , Ay), the standard ratio [6] of the numbers 4, , 4, , ....... , Ay , is defined by
1
Q=0Q(4,,4,, JAy) ={Ix, Ra(G:4,) W (2.2)
where
Ra (G:4;) = XE , if 4,>G,

Ra (G:4)) % , if A< G
& Ra(G:4;) =1 ,if 4,=6
Note (2.1):
(1) Definition of geometric mean given by equation (2.1) implies that
Product of A, , 4, , ... ,Ay= GN (2.3)
(2) Ra (G: A;), defined above, is a ratio/fraction of A; & G whose value is always greater than or equal to 1.
It measures the multiplicative deviation of A; from G or equivalently of G from 4; .
Hence, Ra (G : A;) can be regarded as the Absolute Multiplicative Deviation (AMD) of 4; from G.
Therefore, equation (2.1) given in the Definition (2.1) implies that
Product of the AMDs of A4;, 4, , ... , Ay from their geometric mean = QN (2.4)
Standard Ratio of a Variable
Definition (2.2):

Let X be a variable which assumes the n positive values

whose geometric mean (GM) is g = G (X) i.e.

9=6(X) = (I, x)} (25)

By the similar logic as applied in forming Definition (2.1), the standard ratio of X, denoted by Q = Q (X), can
be defined by

Q=0 (X) = ([T Ra (g:x) Jn (26)
where
RC‘(g:xi):X—gir if x;>g,
Ro(g:xi)=%, if x;<g
& Ra(g:x) =1 ,if ;=g
Note (2.2):

(1) Definition of geometric mean given by equation (2.1) implies that
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Product of the values assumed by X = g" (2.7)

(2) Ra (g: x;) , defined above, is an improper fraction of x; & G whose value is always greater than or equal
tol

It measures the multiplicative deviation of x; from g or equivalently of g from x;.
Hence, Ra (g : x;) can be regarded as the Absolute Multiplicative Deviation (AMD) of x; from g.
Therefore, equation (2.6) given in the Definition (2.2) implies that

Product of AMDs of the values assumed by X from their geometric mean = Q" (2.8)

3. SOME BASIC PROPERTIES

Property-1 (Improper Decimal Property): Standard ratio of a variable is an improper decimal number i.e.
for any variable X,

Q(X)>1
Proof
This follows from the definition of Q (X).
Note (2.3):
Q (X) =1if and only if X is a constant.
Property-2 (Invariance Property): For any non-zero constant c,
Q (cx) =0 (X)
Proof
This follows from the fact that
G(cX) = ([T, cx)¥™ = (I, x)V" = c.6(X)
which implies, Ra (g:cx;) = Ra(g:x;)
le. ([T Ra(g:ox) = (T Ra(gix) Jn
ie. Q(cx)=0(X)
In particular, putting ¢ =-1, one can obtain the result
Q (-x) = (x)
Remark: This property of standard ratio can be interpreted as follows:
“Standard ratio is invariant of change of scale.”
Property-3 (Exponent Property): For real non-zero m,

a(xm) = {o(om
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Proof:

If g is the geometric mean of X then as a consequence of multiplicative property of geometric mean [7, 9
, 11, gm is the geometric mean of X™.

Now,
X xm
IHl=2-51 & 251 = 2 >
g xm
as well as
xm X
—>1= =>1 & Z->1= £
Moreover,
xm _ J" _ 149
ﬁ—{—}m & o o=1{3m,
Xmi_X gm i_g
{F}m—; & {W}m—;

Since Ra (g : x;) is the improper fraction of x; & g and Ra (g™ : x;™) is the improper fraction of x,™ & g™

14

therefore, Ra(g™:x™) = {Ra(g:x;) ™
which implies, [T, Ra(g™:x™) = {[I%, {Ra(g:x) ™"

1
i.e. (T, Ra (g™ :x™) = [(IT, {Ra(gix) ™
. 1 1
ie. (MM Ra (g™ 0™ = [T, {Ra(gix) 3n1m
Hence, a(xm) = {a(xym
Corollary:
In particular putting m = —1in the this result, one can obtain the following result:
1 1
Q(}) T am

Property-4 (Multiplicative Property): For two positive valued variables X & Y,
a(xy) = a(x).a(y)
In general, if
X1, Xy ) ey X
are k positive valued variables then

QX . Xy o e X)) = Q(X). (X)) e . Q (X

Proof:

Suppose, X assumes the n positive values
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having geometric mean g,
& Y assumes the p positive values

Vi1 Vo g eveseenes ' Vo
having geometric mean g, .

If g, is the geometric mean of the variable XYthen by multiplicative property of geometric mean [7,9,1],

Ixy = 9x9y
so that
Ra (gxy : x:y7) = Ra (gxgy : x;)
Now,
oo o &Y
Ixy 9x9y 9x 9y

which implies,
Improper fraction of x;y; & g,,
= (Improper fraction of x; & g,) x ( Improper fraction of y; &g,)
Therefore,
RA (guy : ;) = Ra(gy: x;).Ra(gy: v;)

which implies,

{IT, I, Ra(gyy : xzy,)}nv—{n ", Ra(g,: x)}n{n, : Ralgy @ y;, )y

Hence,

a(xy) = o (X).a(y)

Now, for three positive valued variables
X, X, X5,

it is obtained that

Q (X1X2 X3) =Q {(X1X2)-X3)

Q (X,%,).0 (x3)
= 0 (X,0Q (X,).Q (X3)
ie. QXX X;) = QX0 (X;)
By similar logic, it is obtained for four positive valued variables
X1, X, X3,X,
that
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Q (XX, X3X,) = Q (X,Q (X,).Q (X5). @ (%,)

Continuing the process, it is obtained that for k positive valued variables

QX . Xy X)) = Q(XDQ (X)) e . Q (X))

Property-5 (Quotient Property): For two positive valued variables X &Y,

QX
(2 ) = am

In general for positive valued variables

X:, Xy Xe & Y, Y, . Y,
(X1 DO -Xk) — Q(XDQ(X2) . e Q(Xp)
Y1.Yo . i Y Q(Y1)Q(Y2): e Q(Ys)
Proof:
We have

a(2) = e{x.i

Q(x).Q (l) , by multiplicative property

Q (X).— , by the corollary of exponent property

Q (y)
QX)
Q)

Similarly, applying multiplicative property and the corollary of exponent property, it is obtained that

X1 Xg o e Xk
( Y1 Y2 o Y )
= QX Xy o o .Xk).Q(Ylyz ! “.YS)
= QX Xy o o .xk).Q(i)Q(i). ....... .Q(%)
= (X)) (X)) o (XY . n(m Q(lyz) Q(lys)
_ QXD (X)) e O (X
Q(Y)Q(Y2). oo Q(Ys)
4. CONCLUSION

The basic properties, derived above, can be useful in identifying/deriving more properties of the measure
of dispersion derived here.

The properties developed here can also be helpful in calculation the value of this measure dispersion from
data having large valued numerical observations.
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In this article, only five properties of standard ratio have been identified while there may be more properties,
which carry significance, to be satisfied by this measure. Accordingly, there is necessity of those unknown
properties to be identified for the interest of establishing it as a more important.
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