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Abstract - A formula has been derived for computing harmonic mean of a set of observations which is a 
combined set of a number of sets of observations when the observations are unknown, but the respective 
harmonic means of the sets and the respective numbers of observations in the sets are known. Derivation 
of the formula, along with numerical example, has been presented in this article.      
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1. INTRODUCTION 
Harmonic Mean which is one of the three basic measures of average namely Arithmetic Mean, Geometric 
Mean & Harmonic Mean known as Pythagorean means [3 , 6 , 7 , 8 , 16 , 17 , 18] introduced by Pythagoras is 
not an unused measure of average. In statistics, it is used in measuring central tendency of data [2 , 17 , 18  
, 21]. It seems that there are many situations where harmonic mean is suitable to be applied. In a study, it 
has been used in developing some more measures of central tendency of data namely Arithmetic-
Harmonic Mean, Geometric-Harmonic Mean & Arithmetic-Geometric-Harmonic Mean [10 , 11]. Lot of 
probable properties to be stratified by harmonic mean are yet to be studied. Of course, its additive property 
has been derived in a recent study [12 , 13].  On the other hand, its probable applications are yet to be 
identified. There are many situations where harmonic means of several sets of observations are available 
but the observations are not available and it is required to find out the harmonic mean of all the 
observations of the sets combined together. This type of situation is common in meta-analysis in clinical 
trials [1 , 4 , 5 , 14 , 15 , 20]. Attempt has here been made on deriving a formula for computing harmonic mean 
of a set of observations which is a combined set of a number of sets of observations when the observations 
are unknown but the respective harmonic means of the sets and the respective  numbers of observations 
in the sets are known. Derivation of the formula, along with numerical example, has been presented in this 
article.   

 

2. HARMONIC MEAN OF A SET OF NUMBERS 
Definition 
Let us consider a set of N real numbers or values namely   

𝑎1 , 𝑎2 ,  ………  , 𝑎𝑛 

Harmonic Mean of  𝑎1 , 𝑎2 ,  ………  , 𝑎𝑛 , denoted by H( 𝑎1 , 𝑎2 ,  ………  , 𝑎𝑛), is defined by         

H( 𝑎1 , 𝑎2 ,  ………  , 𝑎𝑛)  =   n

 ∑  
1

 ai

 n
i = 1

                                          (2.1) 

provided the numbers are non-zero [3 , 6 ,7 , 8, 16].   
The definition of harmonic mean implies that    
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H( 𝑎1 , 𝑎2 ,  ………  , 𝑎𝑛)  =   𝑛

 Sum of   
1

 𝑎1
  ,

1

 𝑎2
  ,   ………  ,

1

 𝑎𝑛
  
                     (2.2) 

i.e.    Sum of   1

 𝑎1
  , 1

 𝑎2
  ,  ………  , 1

 𝑎𝑛
   =   n

 H( a1 , a2 ,   ………  , an)
 

Thus if h(a) is the harmonic mean of  𝑎1 , 𝑎2 ,  ………  , 𝑎𝑛 ,  
then  

Sum of   1

 𝑎1
  , 1

 𝑎2
  ,  ………  , 1

 𝑎𝑛
   =   n

 h(a)
                                   (2.3) 

Note: 
As per the definition of harmonic mean from first principle [9], 
harmonic mean of the numbers    

𝑎1 , 𝑎2 ,  ………  , 𝑎𝑛 

is the value h(a) such that   
1

 𝑎1
  +  1

 𝑎2
  +  ………  +  1

 𝑎𝑛
  =  1

 ℎ(𝑎)
  +  1

 ℎ(𝑎)
  +  ………  +  1

 ℎ(𝑎)
 

 

This also implies the equation (2.3).  

           

3. HARMONIC MEAN OF COMBINED SETS OF NUMBERS 
Suppose, there are k sets namely  

𝑆1 , 𝑆2 ,  ………  , 𝑆𝑘 

containing  

𝑛1 , 𝑛2 ,  ………  , 𝑛𝑘 

observations respectively such that harmonic mean of the sets are  

ℎ1 , ℎ2 ,  ………  , ℎ𝑘 

respectively.  

If the observations in the k sets are combined together to form a single set 𝑆, then this set will contain  

𝑛1 + 𝑛2 +  ………  + 𝑛𝑘 

observations.  

By equation (2.3),  

Sum of reciprocals of the observations in the set 𝑆1  =   n1

 h1
   , 

Sum of reciprocals of the observations in the set 𝑆2  =   𝑛2

 ℎ2
   , 

……………………………………………. 

Sum of reciprocals of the observations in the set 𝑆𝑘  =   𝑛𝑘

 ℎ𝑘
    . 

This implies,  

Sum of reciprocals of the observations in the set 𝑆  =  𝑛1

 ℎ1
  +  𝑛2

 ℎ2
  +  …..….. +  𝑛𝑘

 ℎ𝑘
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 Therefore by equation (2.3), harmonic mean h of the observations in the set 𝑆 will be   

h  =    𝑛1 + 𝑛2 +  ………  + 𝑛𝑘
𝑛1
 ℎ1

  +  
𝑛2
 ℎ2

  +  …..…..+  
𝑛𝑘
 ℎ𝑘

                                  (2.4) 

 

This is the formula for computing harmonic mean of a combined set of observations from a number of sets 
of observations when the observations are unknown but the harmonic means of the set and the numbers 
of observations in the respective sets are known. 

This formula has been stated in the form of a theorem below: 

 

Theorem: 

 If ℎ1 , ℎ2 ,  ………  , ℎ𝑘 are harmonic means of respective sets having 𝑛1 , 𝑛2 ,  ………  , 𝑛𝑘 observations respectively 
then the harmonic mean of the set of all observations in the k sets combined together is given by  

h  =    𝑛1 + 𝑛2 +  ………  + 𝑛𝑘
𝑛1
 ℎ1

  +  
𝑛2
 ℎ2

  +  …..…..+  
𝑛𝑘
 ℎ𝑘

 

In particular, if ℎ𝑥 is the harmonic mean of     

𝑥1 , 𝑥2 ,  ………  , 𝑥𝑚 

& ℎ𝑦 is the harmonic mean of    

𝑦1 , 𝑦2 ,  ………  , 𝑦𝑛 

Then the harmonic mean ℎ𝑥𝑦 of  

𝑥1 , 𝑥2 ,  ………  , 𝑥𝑚 , 𝑦1 , 𝑦2 ,  ………  , 𝑦𝑛 

is       

ℎ𝑥𝑦 =   𝑚 + 𝑛 
𝑚

 ℎ𝑥
 + 

𝑛

 ℎ𝑦
  
 

 

4. NUMERICAL EXAMPLE 
Let us consider the following three sets of numbers 

{4  , 8 , 12 , 16 , 20} , {6 , 12 , 18 , 24} & {5 , 10 , 15} 

so that  

Harmonic Mean of the numbers in the first set = 8.7591240876 , 

Harmonic Mean of the numbers in the second set = 11.5199999999  

&  Harmonic Mean of the numbers in the first set = 8.1818181818 . 

Now, the combined set of the first set and the second set is  

{4  , 8 , 12 , 16 , 20 , 6 , 12 , 18 , 24} 

so that  

Harmonic Mean of the numbers in this set =  9.8033282905 
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Applying the formula given by equation (2.4), the value of Harmonic Mean of the numbers in the combined 
set is also found as 9.8033282905 .   

Similarly, the combined set of the first set and the third set is  

{4  , 8 , 12 , 16 , 20 , 5 , 10 , 15} 

so that  
Harmonic Mean of the numbers in this set =  8.5333333333 
Applying the formula given by equation (2.4), the value of Harmonic Mean of the numbers in the combined 
set is also found as 8.5333333333 .   
 

Also, the combined set of the second set and the third is  

{6 , 12 , 18 , 24 , 5 , 10 , 15} 

so that  

Harmonic Mean of the numbers in this set =  9.8054474708 

Applying the formula given by equation (2.4), the value of Harmonic Mean of the numbers in the combined 
set is also found as 9.8054474708 .  

Moreover, the combined set of all the three sets is  

{4  , 8 , 12 , 16 , 20 , 6 , 12 , 18 , 24 , 5 , 10 , 15} 

so that  
Harmonic Mean of the numbers in this set =  9.3405405405  
Applying the formula given by equation (2.4), the value of Harmonic Mean of the numbers in the combined 
set is also found as  9.3405405405 .  

  

5. CONCLUSION 
The type of situation, where respective averages of several sets of observations obtained from independent 
studies are available but the observations are not available but required to find out the average of all the 
observations of the sets combined together, is arises in many research studies specially in meta-analysis 
in clinical trials. The formula derived here is a solution of this type of problem. 

In this connection, it is to be mentioned that each of arithmetic mean, geometric mean & harmonic mean 
is required to be computed in this type of situation. Of course, the formula for computing arithmetic mean 
in this situation is an established one while the formula for computing harmonic mean has been derived 
here. However, the formula for computing geometric mean in this situation is yet to be found out. This is a 
problem of research to be studied at this stage.    

 
REFERENCES 
 
[1] Adams, D. C., Gurevitch, J. & Rosenberg M. S. (1997): “Resampling Tests for Meta-Analysis of Ecological 

Data”,  Ecology, 78(4), 1277 – 1283. 
[2] Argyrous G. (1997): “Measures of Central Tendency and Measures of Dispersion”, In: Statistics for Social 

Research, Page 41 − 59. Palgrave, London. https://doi.org/10.1007/978-1-349-14777-9_4 . 

https://doi.org/10.1007/978-1-349-14777-9_4


  Partners Universal International Innovation Journal (PUIIJ) 

Volume: 03 Issue: 01 | January-February 2025 | ISSN: 2583-9675 | www.puiij.com                            

 

© 2025, PUIIJ  | PU Publications |DOI:10.5281/zenodo.14949601                                                      Page | 53  

 

[3] Bullen P. S. (2003): “The Arithmetic, Geometric and Harmonic Means”, Handbook of Means and Their 
Inequalities, ISBN 978-90-481-6383-0, 60 – 174. doi:10.1007/978-94-017-0399-4_2.  

[4] Borenstein M., Hedges L. V., Higgins J. P. T. & Rothstein, H. R. (2009): “Introduction to Meta-Analysis”, John 
Wiley & Sons. Google Scholar 

[5] Card, N. A. (2016): “Applied Meta-Analysis for Social Science Research (paperback edition). Guilford 
Press. Google Scholar.  

[6] Coggeshall F. (1886): “The Arithmetic, Geometric, and Harmonic Means”, The Quarterly Journal of 
Economics, 1(1), 83 − 86. 

[7] Cantrell David W. "Pythagorean Means". MathWorld . 
[8] Dhritikesh Chakrabarty (2016): “Pythagorean Mean: Concept behind the Averages and Lot of Measures 

of Characteristics of Data”, NaSAEAST-2016, Abstract ID: CMAST_NaSAEAST (Inv)-1601). 
DOI: 10.13140/RG.2.2.27022.57920 .  

[9] Dhritikesh Chakrabarty (2020): “Definition / Formulation of Average from First Principle”, Journal of 
Environmental Science, Computer Science and Engineering & Technology, Section C, (E-ISSN : 2278 – 
179 X), 9(2), 151 – 163. www.jecet.org.  DOI: 10.24214/jecet.C.9.2.15163] . 

[10] Dhritikesh Chakrabarty (2021): “Four Formulations of Average Derived from Pythagorean Means”, 
International Journal of Mathematics Trends and Technology (IJMTT) (ISSN: 2231 – 5373), 67(6), 97 – 
118. http://www.ijmttjournal.org . doi:10.14445/22315373/IJMTT-V67I6P512. 

[11] Dhritikesh Chakrabarty (2022): “AGM, AHM, GHM & AGH: Measures of Central Tendency of Data”, 
International Journal of Electronics and Applied Research (ISSN :2395 – 0064), 9(1), 1 – 26.  
http://eses.net.in/online_journal.html.   
https://www.researchgate.net/publication/370184208_AGM_AHM_GHM_AGHM_Measures_of_Centr
al_Tendency_of_Data .  

[12] Dhritikesh Chakrabarty (2024): “Additive Property of Harmonic Mean”, International Journal of 
Advanced Research in Science, Engineering and Technology, (ISSN: 2350 – 0328), 11(10), 22389 – 22396.  
www.ijarset.com .  
https://www.researchgate.net/publication/385393214_Additive_Property_of_Harmonic_Mean . 

[13] Dhritikesh Chakrabarty (2024): “Additive Property of Harmonic Mean from that of Arithmetic Mean”, 
International Journal of Advanced Research in Science, Engineering and Technology, (ISSN: 2350 – 
0328), 11(12), 22668 – 227676.  www.ijarset.com .  
https://www.researchgate.net/publication/387559146_Additive_Property_of_Harmonic_Mean_fro
m_that_of_Arithmetic_Mean .  

[14]Gurevitch, J., Koricheva, J., Nakagawa, S., & Stewart, G. (2018): “Meta-Aanalysis and the Science of 
Research Synthesis”, Nature, 555(7695), 175 – 182.  

[15] Hedges, L.V. & Olkin, I. (1985): “Statistical Methods for Meta-Analysis”, Elsevier 
Science. http://qut.eblib.com.au/patron/FullRecord.aspx?p=1901162. Google Scholar.  

[16] Komić J. (2011): “Harmonic Mean”, In: Lovric, M. (eds) International Encyclopedia of Statistical Science, 
622 − 624, Springer, Berlin, Heidelberg. https://doi.org/10.1007/978-3-642-4898-2_645 . 

[17] Manikandan S. (2011): “Measures of central tendency: The mean”, Journal of Pharmacology and 
Pharmacotherapeutics, 2(2), :140 − 142. doi:10.4103/0976-500X.81920. 

[18]Rajan Chattamvelli & Ramalingam Shanmugam (2023): “Descriptive Statistics for Scientists and 
Engineers”, Springer Cham. DOI: https://doi.org/10.1007/978-3-031-32330-0 . 

[19]Stević S. (2011): “Geometric Mean”, In: Lovric, M. (eds) International Encyclopedia of Statistical Science, 
608 − 609, Springer, Berlin, Heidelberg. https://doi.org/10.1007/978-3-642-04898-2_644. 

[20] Terri D. Pigott (2012): “Advances in Meta Analysis”, Springer New York, NY. DOI: 
https://doi.org/10.1007/978-1-4614-2278-5.  

[21] Williams R. B. G. (1984): “Measures of Central Tendency”, In: Introduction to Statistics for Geographers 
and Earth Scientists, Page 51 − 60. Palgrave, London. https://doi.org/10.1007/978-1-349-06815-9_6 .  

[22] Yadolah Dodge  (2008): “Arithmetic Mean”, In: The Concise Encyclopedia of Statistics, 15 − 18, Springer, 
New York, NY, https://doi.org/10.1007/978-0-387-32833-1_12. 

http://link.springer.com/10.1007/978-94-017-0399-4_2
http://link.springer.com/10.1007/978-94-017-0399-4_2
https://en.wikipedia.org/wiki/ISBN_(identifier)
https://en.wikipedia.org/wiki/Special:BookSources/978-90-481-6383-0
https://en.wikipedia.org/wiki/Doi_(identifier)
https://doi.org/10.1007%2F978-94-017-0399-4_2
https://scholar.google.com/scholar_lookup?title=Introduction+to+Meta-Analysis&author=Borenstein+M.&author=Hedges+L.+V.&author=Higgins+J.+P.+T.&author=Rothstein+H.+R.&publication+year=2009
https://scholar.google.com/scholar_lookup?title=Applied+Meta-Analysis+for+Social+Science+Research&author=Card+N.+A.&publication+year=2016
https://www.jstor.org/action/doBasicSearch?Query=au%3A%22F.%20Coggeshall%22
https://www.jstor.org/journal/quarjecon
https://www.jstor.org/journal/quarjecon
https://mathworld.wolfram.com/PythagoreanMeans.html
https://en.wikipedia.org/wiki/MathWorld
http://dx.doi.org/10.13140/RG.2.2.27022.57920
http://www.jecet.org/
http://www.ijmttjournal.org/
http://eses.net.in/online_journal.html
https://www.researchgate.net/publication/370184208_AGM_AHM_GHM_AGHM_Measures_of_Central_Tendency_of_Data
https://www.researchgate.net/publication/370184208_AGM_AHM_GHM_AGHM_Measures_of_Central_Tendency_of_Data
http://www.ijarset.com/
https://www.researchgate.net/publication/385393214_Additive_Property_of_Harmonic_Mean
http://www.ijarset.com/
https://www.researchgate.net/publication/387559146_Additive_Property_of_Harmonic_Mean_from_that_of_Arithmetic_Mean
https://www.researchgate.net/publication/387559146_Additive_Property_of_Harmonic_Mean_from_that_of_Arithmetic_Mean
http://qut.eblib.com.au/patron/FullRecord.aspx?p=1901162
https://scholar.google.com/scholar_lookup?title=Statistical+Methods+for+Meta-Analysis&author=Hedges+L.+V.&author=Olkin+I.&publication+year=1985
https://doi.org/10.1007/978-3-642-4898-2_645
https://journals.sagepub.com/doi/10.4103/0976-500X.81920#con
https://doi.org/10.4103/0976-500X.81920
https://link.springer.com/book/10.1007/978-3-031-32330-0#author-0-0
https://link.springer.com/book/10.1007/978-3-031-32330-0#author-0-1
https://doi.org/10.1007/978-3-031-32330-0
https://doi.org/10.1007/978-3-642-04898-2_644
https://link.springer.com/book/10.1007/978-1-4614-2278-5#author-0-0
https://doi.org/10.1007/978-1-4614-2278-5
https://doi.org/10.1007/978-1-349-06815-9_6
https://link.springer.com/referencework/10.1007/978-0-387-32833-1#author-0-0
https://doi.org/10.1007/978-0-387-32833-1_12

