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Abstract - The expected value of a random variable, which is the weighted average of its all possible 
values with their respective probabilities as the corresponding weights, had already been defined with the 
help of arithmetic mean and the definition was termed as mathematical expectation. The same has, in 
this study, been defined made with the help of geometric mean and harmonic mean. In order to be free 
from confusion, the existing definition of mathematical expectation will be termed as arithmetic 
expectation since it is based on arithmetic mean. The two definitions of mathematical expectation to be 
defined with the help of geometric mean and harmonic mean will be termed as geometric expectation 
and harmonic expectation respectively. This article describes these two definitions with numerical 
examples. 
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1. INTRODUCTION 
Any process (or phenomena or experiment), random in nature, knowing the outcome on any one 
realization of the process is not possible. Instead, one can think of what can be expected to happen. 
Accordingly, expected happening is based on the concept of probability (i.e. measure of possibility or 
measure of chance) and is described/explained by the concept of expected value (also 
called expectation, expectancy, and mathematical expectation).  

The expected value of a random variable, which is the weighted average of its all possible values with their 
respective probabilities as the corresponding weights, had already been defined with the help of arithmetic 
mean and the definition was termed as mathematical expectation. 

Probability, which is accepted as weight in defining expectation of a random variable, had been defined in 
six approaches namely Subjective Approach [2], Intuitive Approach [12 , 13], Classical Approach [3], 
Empirical/Statistical Approach [15 , 16] with extension to automatically or naturally happened 
experiments/phenomena [8 ,  9],  Axiomatic Approach [3 , 4 , 10 , 11] and  Theoretical Approach [5].  

As mentioned above, the existing definition of expected value of a random variable states that it is the 
weighted arithmetic mean of its all possible values with their respective probabilities as the corresponding 
weights. Arithmetic mean [7], introduced by Pythagoras, is a measure of average of a list of numbers. 
Pythagoras had introduced two other measures of average which are geometric mean and harmonic 
mean [7]. In fact, lot of measures of average has been developed so far [7]. Since it had been possible to 
define expectation of a random variable with the help of arithmetic mean which is a measure of average, 
it can also be possible to define the same with the help of other measures of average. That is why the same 
has here been defined on the basis of geometric mean and harmonic mean. In order to be free from 
confusion, the existing definition of mathematical expectation will be termed as arithmetic expectation 
since it is based on arithmetic mean. The two definitions of mathematical expectation to be defined with 

https://en.wikipedia.org/wiki/Arithmetic_mean
https://en.wikipedia.org/wiki/Arithmetic_mean
https://en.wikipedia.org/wiki/Arithmetic_mean
https://en.wikipedia.org/wiki/Arithmetic_mean
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the help of geometric mean and harmonic mean will be termed as geometric expectation and harmonic 
expectation respectively. This article describes these two definitions with numerical examples.  

 

1.1  Notation Used 
• AM = Arithmetic Mean , 

• GM = Geometric Mean , 

• HM = Harmonic Mean ,   

• AE = Arithmetic Expectation , 

• GE = Geometric Expectation , 

• HE = Harmonic Expectation , 

• AM (X) = Arithmetic Mean of X , 

• GM (X) = Geometric Mean of X , 

• HM (X) = Harmonic Mean of X , 

• EA (X) = Arithmetic Expectation of X , 

• EG (X) = Geometric Mean of X , 

• &  EH (X) = Harmonic Mean of X , 

      

2. ARITHMETIC EXPECTATION 
Let us consider a discrete finite random variable.  

Suppose, X assumes the values  

𝑥1 , 𝑥2 , … … … . . ,  𝑥𝑁 
These N values constitute the population of the variable X. 

AM (X), as introduced by Pythagoras [26 , 27 , 39], is defined by   

𝐴𝑀(𝑋) = 𝐴𝑀 (𝑥1 , 𝑥2 , … … … . . ,  𝑥𝑁) =
1

  𝑁
∑  𝑥𝑖

 𝑁
𝑖 = 1    

Now suppose, X assumes the values  

𝑥1 , 𝑥2 , … … … . . ,  𝑥𝑁 

with respective probabilities 

𝑝1 , 𝑝2 , … … … . . ,  𝑝𝑁 

AM (X), which in this case becomes the weighted arithmetic mean of X, is defined by   

𝐴𝑀(𝑋) = 𝐴𝑀 (𝑥1 , 𝑥2 , … … … . . ,  𝑥𝑁) =
∑  𝑝𝑖𝑥𝑖

 𝑁
𝑖 = 1

  ∑  𝑝𝑖
 𝑁
𝑖 = 1

 

Since        ∑  𝑝𝑖
 𝑁
𝑖 = 1 = 1 

therefore       𝐴𝑀(𝑋) = 𝐴𝑀 (𝑥1 , 𝑥2 , … … … . . ,  𝑥𝑁) = ∑  𝑝𝑖𝑥𝑖
 𝑁
𝑖 = 1    
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which is the mathematical expectation [53  , 59 , 60 , 61 , 69] of X, symbolically E(X).as already defined and 
hence  

E(X) = ∑  𝑥𝑖
 𝑛
𝑖 = 1  P(X  = 𝑥𝑖) =  ∑  𝑝𝑖  𝑥𝑖

 𝑛
𝑖 = 1   

Since this definition is based on population AM, it can be interpreted as arithmetic expectation of X.  

Accordingly, arithmetic expectation of X denoted by EA(X) becomes 

EA(X) = ∑  𝑥𝑖
 𝑛
𝑖 = 1  P(X  = 𝑥𝑖) =  ∑  𝑝𝑖  𝑥𝑖

 𝑛
𝑖 = 1   

Geometric Expectation:   

GM (X), as introduced by Pythagoras [26 , 27 , 39], is defined by  

𝐺𝑀(𝑋) = 𝐺𝑀 (𝑥1 , 𝑥2 , … … … . . ,  𝑥𝑁  ) = ( ∏  𝑥𝑖)

𝑁

𝑖=1

 1/N 

while the GM of X which assumes the values  

𝑥1 , 𝑥2 , … … … . . ,  𝑥𝑁 

with respective probabilities 

𝑝1 , 𝑝2 , … … … . . ,  𝑝𝑁 

is the weighted GM of X and is defined by  

𝐺𝑀(𝑋) = 𝐺𝑀 (𝑥1 , 𝑥2 , … … … . . ,  𝑥𝑁 ) = ( ∏  𝑥𝑖
 𝑝𝑖)

𝑁

𝑖=1

 ∑  𝑝𝑖
 𝑁
𝑖 = 1  

 

i.e.  𝐺𝑀(𝑋) = 𝐺𝑀 (𝑥1 , 𝑥2 , … … … . . ,  𝑥𝑁 ) =  ∏  𝑥𝑖
 𝑝𝑖𝑁

𝑖=1   ,   since  ∑  𝑝𝑖
 𝑁
𝑖 = 1 = 1 

   

Since the population AM of X is its AE, the population GM of X can be regarded as its GE.  

Hence, the GE of X denoted by EG(X) becomes  

EG(X) = ∏  𝑃(𝑋 = 𝑥𝑖)
 𝑝𝑖𝑁

𝑖=1 =  ∏  𝑥𝑖
 𝑝𝑖𝑁

𝑖=1     

Harmonic Expectation: 

HM (X), as introduced by Pythagoras [26 , 27 , 39], is defined by 

  𝐻𝑀(𝑋) = 𝐻𝑀 (𝑥1 , 𝑥2 , … … … . . ,  𝑥𝑁)  =   1

 
1

  𝑁
∑  

1

  𝑥𝑖

 𝑁
𝑖 = 1  

 

while the HM of X which assumes the values   

𝑥1 , 𝑥2 , … … … . . ,  𝑥𝑁 

with respective probabilities 

𝑝1 , 𝑝2 , … … … . . ,  𝑝𝑁 

is the weighted AH of X and is defined by  

𝐻𝑀(𝑋) = 𝐻𝑀 (𝑥1 , 𝑥2 , … . . . ,  𝑥𝑁) = 1

  
1

  ∑  𝑝𝑖
 𝑁
𝑖 = 1

 ∑  𝑝𝑖
1

  𝑥𝑖

 𝑁
𝑖 = 1

 =  1

   ∑  𝑝𝑖
1

  𝑥𝑖

 𝑁
𝑖 = 1
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By the same logic as in the cases of AE and GE, the population HM of X can be regarded as its HE.   

Hence, HE of X denoted by EH(X) becomes   

EH(X) =  1

   ∑ 𝑃(𝑋=𝑥𝑖)
1

  𝑥𝑖

 𝑁
𝑖 = 1

   =  1

   ∑  𝑝𝑖
1

  𝑥𝑖

 𝑁
𝑖 = 1

    

Note: 

(1)  𝐴𝑀 (𝑥1 , 𝑥2 , … … … . . ,  𝑥𝑁) is defined for any real values of  𝑥1 , 𝑥2 , … … … . . ,  𝑥𝑁 . 

Accordingly, EA(X) is defined for any real valued random variable.  

However, each of  𝐺𝑀 (𝑥1 , 𝑥2 , … … … . . ,  𝑥𝑁 )  and  𝐻𝑀 (𝑥1 , 𝑥2 , … … … . . ,  𝑥𝑁) is defined only  when  values of  
𝑥1 , 𝑥2 , … … … . . ,  𝑥𝑁 .are strictly  positive. 

Hence, each of EG(X) and EH(X) is defined for strictly a positive valued random variable X.   

(2)  AM, GM and AH satisfy the inequality [26 , 27 , 39] 

𝐴𝑀 (𝑥1 , 𝑥2 , … … . ,  𝑥𝑁)  >  𝐺𝑀 (𝑥1 , 𝑥2 , … … . ,  𝑥𝑁  )  >  𝐻𝑀 (𝑥1 , 𝑥2 , … … . ,  𝑥𝑁) 

i.e.              AM(X) > GM(X) > HM(X)  

Hence,          EA(X) > EG(X) > EH(X)  

 

3. NUMERICAL EXAMPLE 
The number of rainy days at a place in a month is a random variable which assumes several possible 
values (whether point values or interval values are taken into account) with corresponding probabilities of 
occurrences. Probability of occurrence of the same at New Delhi in the month June has been estimated 
[51] and found as follows:  

 

    Table -3.1:  

June 

Number/Interval of Rainy Days Probability of occurrence 

1 0.0625 

2 0.09385 

[3  ,  5] 0.5625 

[6  ,  8] 0.25 

9 0.03125 

> 9 0 

 

In order to find out the values of arithmetic expectation, geometric expectation and harmonic expectation 
rainy days, we are to construct the following table: 
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Table -3.2:  

Number/Interv
al of Rainy Days 

Mid 
value 

(𝑥𝑖) 

Probability of 
occurrence 

( 𝑝𝑖) 

Values 
of 

 𝑝𝑖𝑥𝑖 

Values of 

 

𝑥𝑖
 𝑝𝑖 

Values of 

 𝑝𝑖  
1

  𝑥𝑖
 

 

1 1 0.0625 0.0625 1 0.0625 

2 2 0.09375 0.1875 1.0671404006768236181695211209928 0.046875 

3 – 5 4 0.5625 2.25 2.1810154653305153184140213115214 0.140625 

6 – 8 7 0.25 1.75 1.6265765616977857432112323454938 0.035714 

9 9 0.03125 0.28125 1.0710754830729144691232476346997 0.003472 

 

Here          ∑  𝑝𝑖𝑥𝑖
 𝑁
𝑖 = 1 =  4.53125 ,   

                  ∏  𝑥𝑖
 𝑝𝑖𝑁

𝑖=1 =  4.0548509573441987687123105790392    

                  &   ∑  𝑝𝑖 
 𝑁
𝑖 = 1  1

  𝑥𝑖
  = 0.28918650793650793650793650793651 

Hence,     EA(X)  =  ∑  𝑝𝑖𝑥𝑖
 𝑁
𝑖 = 1 =  4.53125 , 

                  EG(X)  =  ∏  𝑥𝑖
 𝑝𝑖𝑁

𝑖=1 =  4.0548509573441987687123105790392                  

                  &   EH(X)  =  ∑  𝑝𝑖
1

  𝑥𝑖

 𝑁
𝑖 = 1  =  3.4579759862778730703259005145797 

Accordingly, the estimated values of arithmetic expectation, geometric expectation and harmonic 
expectation of number of rainy days in the month June at New Delhi are 

4.53125 , 4.0548509573441987687123105790392  &  3.4579759862778730703259005145797 

respectively. 

 

4. CONCLUSION   
The existing definition of expectation, as mentioned in the 2nd paragraph of Section 1, can be regarded as 
a special definition of expectation but not its general definition while expectation in general can be defined 
as an weighted average of all the possible values assumed by a random variable, weighted by the 
respective probabilities of the possible values of the variable. 

Of course, there is no certainty that the expected value will appear in the data set of a sample drawn for 
some purpose and it is also not the value one can "expect" to get in reality.  

In reality, data are not of the same type in every situation. Accordingly, arithmetic expectation may not be 
proper to apply in every type of data set. There are or there may be some situations where geometric 
expectation may be proper to be applied in the respective data set. Similar is the case for harmonic 
expectation also. 

https://en.wikipedia.org/wiki/Random_variable
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At this stage, it is to be mentioned that the three definitions of expectation discussed here may not suit all 
types of data set. Thus, there is necessity of developing more measures/definitions of expectation.  

On the whole, it can right now be concluded that the extracted information on the two definitions of 
expectation namely geometric expectation and harmonic expectation in addition to the existing one 
namely arithmetic expectation can be regarded as an important and useful outcome of a fundamental 
research as implied by the meaning of fundamental research [6]. 
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